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Probabilistic Motion Model
p(xe | U, xp—1)



Bayes Filter

1. Algorithm Bayes_Filter (bel(x;_1),u;, z;):

A for all x; do r Transition Probability / Action Model

3. bel(x,) = Doy PXelue, xe—q) | bel(xe_q) [ Prediction Step ]
4 bel(xy) = 1 p(z|x;) bel(x,)

5. endfor

6. return bel(x;)
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Robot Motion

* Robot motion is inherently uncertain.

 How can we model this uncertainty?




Robot Motion

[ - Trajectory estimated using on-board sensors
B - Ground truth trajectory
B - Trajectory estimated using Bayes Filter
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Some reasons for Motion Errors

ideal case

L

bump

and many more ...

different wheel
diameters

carpet



Probabilistic Motion Model

* We consider mobile robot kinematics for robots operating in planar environments
* Robot pose x; = (x,y,0)7

* Can be easily extended to other types of mobile robots or manipulators
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Probabilistic Motion Model

* Generalizes kinematic equations to the fact that the outcome of a control action is
uncertain, due to control noise or other non-modelled external factors

* To implement the Bayes Filter, we need the state transition model p(x; | u; , x;—1)

* p(x; | us ,xt_1) specifies a posterior probability, that action u; carries the robot from

Xt 1o Xp_1
* How can we model p(x; | u;,x;_1) based on the kinematic equations?
* Two Motion Models:

- Velocity Model

-  Odometry Model



Velocity Model



Odometry Model Parameters
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Odometry Model Parameters
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(x,y,0)7

(x',y', 0"
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Odometry Model Parameters
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(x,y,0)7

(x',y', 0"
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Velocity Model

* The control data u; is specified by
velocity commands given to the
robot

* Velocities given to the robot can
be translational v; or rotational
Wt

* Control data u; = (v¢, w¢)
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Velocity Model

* If both velocity components are kept
at a fixed value for the entire time
interval (t — 1, t] then the robot
moves in a circular with radius r and
center (x., y.)

e Exact motion x; = (x',y’,0")T may be
calculated given x,_; = (x,y,0)" and
u; = (v¢, w;)!using trigonometric
equations

ECE4960 Fast Robots

14



Velocity Model - Degeneracy

- The robot moves in exact
circular paths

- The velocity controls is 2d
dimensional leading to state
changes in a 3d pose space

- We perform a final
orientation y when it arrives
at its final pose
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Probabilistic Motion Model

Algorithm motion_model_velocity(z;, us, ¢ 1):

1 (z—a')cosO - (y—y')sinf
'l 2 (y — "i/ "Yeos — (x —a')sind
g + o

r = +uly —y')

f/—{~f(

+ /” v — z) Calculate the error-free
=/ ( xr—a*)? 4+ (y —y*)? control between the

states x, ; and x,

AO — atan2(y’ — y*, 2" — 2") — atan2(y — y*, 2
AH

:.{:

T A
A

For completeness, the robot performs an
additional rotation

Algorithm for computing p(x, | u,, x,,), based on velocity information, where x,; = (x, y, 6)7, x, = (x’, y’, ") and u, = (v,, w,)".
The function prob(a,b?) computes the probability of its argument a under a zero-centered distribution with variance b?. (prob can represented
by a gaussian or a triangular distribution) 16



Typical Distributions for Motion Models

1. Algorithm ]:-1-:3I)J1:31-111a=§l_::1i5tI-il)uti::rn{ﬂ. E;E"—:ZI : 1. Algorithm I“'DI_?'—tl‘iallglllal‘_:_:listI‘il:-uti::m{ a. b2 )

: 1 at 1 al
2. return — exrp (— return mazr | 0, —

V6 b 6 b2

Vv 27h? 202
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Probabilistic Motion Model

Algorithm motion_model_velocity(z;, us, ¢ 1):

1 (x —2")cosO — (y —vy')sin b
i 2 (y — "i'_/ "Ycos — (@ — 2')sin 6
T+ 2!

rt = 5 + u(y —y')

v _ Y + y'

Y + 11 v — ) Calculate the error-free

=y ( x—ao*)2 4+ (y —y*)?

control between the
N . .. states x, ; and x,
AO — :;i..t.::i..n‘.._f’.(__g__/ —y 2 —2") —atan2(y — YL

At 7

return prob(v — U, a4 |[v] + as|w|) - prob(w — w, az|v| + as|w|) EELLIUSEIRIERT

U=

For completeness, the robot performs an

- prob (7. as|v| + aglw])

Algorithm for computing p(x, | u,, x,,), based on velocity information, where x,; = (x, y, 6)7, x, = (x’, y’, ") and u, = (v,, w,)".
The function prob(a,b?) computes the probability of its argument a under a zero-centered distribution with variance b?. (prob can represented
by a gaussian or a triangular distribution) 18



Velocity Motion Model

(darker regions are more probable)

The velocity motion model for different noise parameters settings for the same control
u, = (v, w)! projected in the x-y space

a) Moderate error parameters
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Velocity Motion Model

(darker regions are more probable)

The velocity motion model for different noise parameters settings for the same control
u, = (v, w)! projected in the x-y space

a) Moderate error parameters
b) Smaller angular error parameters but larger transitional errors
c) Large angular and translational error parameters
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Velocity Model with a Map

p(xg | ue ) Xt—1) P(xt | U, x¢—1, M)

(a) Velocity model without a map

(b) Velocity model with a map: p(x; | u;, x;_1, m) is calculated from the normal product of
p(x; | us ,x;—1) and p(x; | m). It is zero in the extended obstacle error and p(x; | u; ,x;—1) everywhere
else 21



Sampling

* A sampling algorithm is an algorithm that outputs samplesy1, y2, ... from a given
distribution P

* A sampling algorithm is a procedure that allows us to select randomly a subset of units
(samples) from a distribution without enumerating all the possible samples of the
distribution

* Sampling algorithms are often used to approximate distributions

e Atriangular distribution is given by:




Sampling from a Triangular Distribution

103 samples 104 samples

10° samples 10° samples 23



Normally Distributed Samples
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Sampling from Velocity Model
Algorithm sample_motion_model_velocity(u;,z; 1):

v = v+ sample(a |v| + as|w)|)
w = w + sample(as|v| + ay ‘U*’ )
Y = sample(as|v| + aglw])

=2 — £sinf + < sin(6 + ©At)

y =y + Lcost — L cos( + WAL)
0" =0+ oAt + AL

return x; = (2',y’,0")*

Algorithm for sampling poses x, ; = (x, y, 0)7, x, = (X, ¥, ©’)" and u, = (v,, w,)". Not we are perturbing the final orientation
by an additional random term y. The variables a, through o are parameters of the motion noise. sample(b?) generates
a random sample from a zero-centered distribution with variance b? -



Sampling from Velocity Model

Sampling from the velocity model, using the same error parameters as in the previous slides with 500 samples in each.



Odometry Model



Odometry Model

Odometry is the use of data from motion sensors to estimate change in position over
time

Uses the odometry measurements as the basis for calculating the robot’s motion over
time

Odometry obtained by integrating wheel encoder information

* Hence, odometry model uses odometry information in lieu of velocity controls
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Odometry Model

Practical experience suggests odometry, while still erroneous, is more accurate than
velocity

Though both suffer from drift and slippage, velocity model suffers from mismatch
between actual motion controllers and our crude mathematical model

However, odometry is available after the robot has moved

* |t cannot be used for motion planning algorithms since they need to predict the
effects of motion

* Can still be used for filter algorithms such as localization and mapping algorithms

Odometry models are usually applied for estimation while velocity models are used for
probabilistic motion planning
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Odometry Model

Uses the relative motion information as measured by the robot’s internal odometry

From (t — 1, t], the robot advances from x; to x;_4

The odometry reports back to us a related advance from

Xt—1 = (f;:)_]; 6_)T {e x_t — (3?'37’1 Q_I)T

(bar indicates they are odometry measurements in the robot’s local frame)

Key idea: In state estimation, the relative difference between x;_{ and X; is a good
estimator for the difference of the true poses x;_; and x;

* Motion information is given by:

U = (Xr—1, 9Tt)T
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Odometry Model Parameters
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: 5rot1

(

x5, 0N
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Odometry Model Parameters
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Odometry Model Parameters

(%, 5, 0)T
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5rot2 P
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Odometry Model Parameters

ECE4960 Fast Robots
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Odometry Model Parameters

* Relative odometry motion is
transformed into a sequence of three
steps:

. Initial rotation 8,41
+  Translation 8¢y g
- Final Rotation 6,4

* These three parameters are sufficient to
reconstruct the relative motion between
two robot states

— T
U = (Srotlr 5trans: 5r0t2)
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Odometry Model Parameters

Oror1 = atan2(y' —y,x' —x)— 6

Otrans = \/(3_” — 3_’)2+ (f, — f)z

Orotz = 9_, — 0 — Orot1
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. Algorithm motion_model_odometry (r:, us, ri-1)

Srot1 = atan2(y’ — .2’ — &) — 0

02+ (i — )2 Calculate the relative motion parameters
- from odometry readings
B — 8 — Oty

atan2(y' —y. 2’ —x) — 0

Calculate the relative motion parameters
for the given states x, ; and x,

' — )+ (y —y)*

s o :
D?‘(’Jf? =0 —0— {}?‘f}fl

i . Y I . <2 2 \
P1 = p]- 01) (‘} rotl — 0 rotl s IE’-l':l'[} rotl + 204 rans ]

oy o2 .52 L2y
P2 = pI'Ob (Otrans — Otrans, CE:Z{G?':‘:‘.‘::J}.H + 'r-'kﬁla?‘::ﬁl + Ctila?‘z:‘:f? )

10. p3 = prob(d, 2 — ﬂ-,mq ”1‘\": 10+ (Lafﬁh ans)

L1 return p;.ps.p3 Algorithm for computing p(x, | u, ,x,_) based on
odometry information. Here the control u; = (4 )T
with X, = (£,¥, 0)T and x; = (x',y', 8")T

37



. Algorithm motion_model_odometry (r:, us, ri-1)

drot1 = atan2(y’ —y. 2’ — &) — ¢

- o [ —\ 1 ‘= —_
Utrans = 1'!._. W =)=y —y)

"_l' q v
0 — 0 — Ot
—atan2(y —y. 2’ —x) — 0
i

I 5 P 3 ¥
Sl =T+ ly —yl©

s o :
D?‘(’Jf? =0 —0— {}?‘f}fl

. n Y < L 2 52 )
P1 =PI ob (‘} rotl 0 rotls 'E’-'El'[} rotl + C'EQO trans ]

- - 9 ) .. 2 "
—_— {ﬁ'f-r!-_-:.-”.};:. (__}. 3L f?. 715 —I_ C]'_'f_._'_lfﬁ?.(.}fl —I_ (_1"-1{:’?'“#2 .-']

P2 = prOb (:‘51"1‘:'7:.?1..:

— D-rm‘?: (-'El{i}'rmﬂ + pc trans )

10. p3 = prob(d,,

11. return py.p2.p3

Calculate the relative motion parameters
from odometry readings

Calculate the relative motion parameters
for the given states x;_; and x;

1. Algorithm Bayes_Filter (bel(x;_1),u; ,2;):

2. for all x; do

3. bel(x,) = Yxpy PXelue, xe—q) bel(xe_q)
4, bel(x,) = np(z|x;) bel(x,)

5. endfor

6. return bel(x;)

Algorithm for computing p(x; | u;,x;—) based on
odometry information. Here the control u; = (4 )T
with X, = (£,¥, 0)T and x; = (x',y', 8")T
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1. Algorithm sample_motion_model_odometry(x; i, u;) :

2. 1 = atan2(y' — §.2' — ) — 0 )

> Calculate the relative motion parameters

Ofrans = from odometry readings

Jrr;f? 0 — 0 — Jrf;fl -/

- _ ij ij
Orott = Opor1 — Sample(aqd; 4 + a2d;,,, . )
Add noise to calculated motion

g _ | | |
Otrans = Opgr1 — Sample(aady, o+ cgd” o+ ayds o)
parameters

Orotza = Opopt — Sample(aq 07, + agd; )
T+ |fif:l'n:l.l.-f ':":}'5'[[? + 'fi:l'rifl}
Y+ Oppans SIN(H 4 01 ) Calculate the sample state

0 =0+ ‘iz'rrfl + ‘iz'rrff
Algorithm for sampling from p(x; | Uy , x¢—1)
based on odometry information

return r, = (2',y’, 8"




Sampling from Velocity Model

Sampling from the odometry model, using the same error parameters as in the previous slides with 500 samples in each.
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Repeated Sampling from Our Motion Model

L

10 meters

Sampling approximation of the position belief for a non-sensing robot. Solid lines displays the robot’s actual motion and the
samples represent the robot’s belief at different points in time 41



Summary

We discussed motion models for odometry-based and velocity-based systems

We discussed ways to calculate the posterior probability p(x; | us , x¢—1)

We also described how to sample from p(x; | ug, x¢—1)

Typically the calculations are done in fixed time intervals At

In practice, the parameters of the models have to be learned

We also briefly discussed an extended motion model that takes the map into account
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