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𝑥̇𝑥 = 𝐴𝐴𝐴𝐴+𝐵𝐵𝐵𝐵

Based on “Control Bootcamp”, Steve Brunton, UW
https://www.youtube.com/watch?v=Pi7l8mMjYVE

This should look familiar from..
• MATH 2940 Linear Algebra
• ECE3250 Signals and systems
• ECE5210 Theory of linear systems
• MAE3260 System Dynamics
• etc…

• Linear systems review
• Eigenvectors and eigenvalues
• Stability
• Discrete time systems
• Linearizing non-linear systems
• Controllability
• Inverted pendulum dynamics

https://www.youtube.com/watch?v=Pi7l8mMjYVE
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• Linear system: 𝑥̇𝑥 = 𝐴𝐴𝐴𝐴
• Solution: 𝑥𝑥 𝑡𝑡 = 𝑒𝑒𝐴𝐴𝐴𝐴𝑥𝑥 0
• Eigenvectors: 𝑇𝑇 = 𝜉𝜉1 𝜉𝜉2 … 𝜉𝜉𝑛𝑛

• Eigenvalues: D =

𝜆𝜆1 0
𝜆𝜆2

…
0 𝜆𝜆𝑛𝑛

• Linear transform: 𝐴𝐴𝐴𝐴 = 𝑇𝑇𝑇𝑇
• Solution: 𝑒𝑒𝐴𝐴𝐴𝐴 = 𝑇𝑇𝑒𝑒𝐷𝐷𝐷𝐷𝑇𝑇−1
• Mapping from z to x: 𝑥𝑥 𝑡𝑡 = 𝑇𝑇𝑒𝑒𝐷𝐷𝐷𝐷𝑇𝑇−1𝑥𝑥(0)
• Stability in continuous time: 𝜆𝜆 = 𝑎𝑎 + 𝑖𝑖𝑖𝑖, stable iff a<0

• Discrete time: 𝑥𝑥 𝑘𝑘 + 1 = 𝐴̃𝐴𝑥𝑥(𝑘𝑘), 𝐴̃𝐴 = 𝑒𝑒𝐴𝐴Δ𝑡𝑡

• Stability in discrete time: 𝜆̃𝜆𝑛𝑛 = 𝑅𝑅𝑛𝑛𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖, stable iff 𝑅𝑅<1

>>[T,D] = eig(A)

>>rank(ctrb(A,B))

• Non-linear systems: 𝑥̇𝑥 = 𝑓𝑓 𝑥𝑥
• Linearization: 𝐷𝐷𝐷𝐷

𝐷𝐷𝐷𝐷
|𝑥̅𝑥

• Control: 𝑥̇𝑥 = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵
• Controllability:

• ℂ = 𝐵𝐵 𝐴𝐴𝐴𝐴 𝐴𝐴2𝐵𝐵 … 𝐴𝐴𝑛𝑛−1𝐵𝐵
• 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝐴𝐴,𝐵𝐵 = 𝑛𝑛



5

−𝐾𝐾𝐾𝐾

𝑥̇𝑥 = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵

system 𝑦𝑦 = 𝑥𝑥𝑢𝑢

“optimal” for linear systems

𝑥̇𝑥 = 𝐴𝐴 − 𝐵𝐵𝐵𝐵 𝑥𝑥
New dynamics

Review

full state 
observation
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• Linear system: 𝑥̇𝑥 = 𝐴𝐴𝐴𝐴
• Solution: 𝑥𝑥 𝑡𝑡 = 𝑒𝑒𝐴𝐴𝐴𝐴𝑥𝑥 0
• Eigenvectors: 𝑇𝑇 = 𝜉𝜉1 𝜉𝜉2 … 𝜉𝜉𝑛𝑛

• Eigenvalues: D =

𝜆𝜆1 0
𝜆𝜆2

…
0 𝜆𝜆𝑛𝑛

• Linear transform: 𝐴𝐴𝐴𝐴 = 𝑇𝑇𝑇𝑇
• Solution: 𝑒𝑒𝐴𝐴𝐴𝐴 = 𝑇𝑇𝑒𝑒𝐷𝐷𝐷𝐷𝑇𝑇−1
• Mapping from z to x: 𝑥𝑥 𝑡𝑡 = 𝑇𝑇𝑒𝑒𝐷𝐷𝐷𝐷𝑇𝑇−1𝑥𝑥(0)
• Stability in continuous time: 𝜆𝜆 = 𝑎𝑎 + 𝑖𝑖𝑖𝑖, stable iff a<0

• Discrete time: 𝑥𝑥 𝑘𝑘 + 1 = 𝐴̃𝐴𝑥𝑥(𝑘𝑘), 𝐴̃𝐴 = 𝑒𝑒𝐴𝐴Δ𝑡𝑡

• Stability in discrete time: 𝜆̃𝜆𝑛𝑛 = 𝑅𝑅𝑛𝑛𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖, stable iff 𝑅𝑅<1

>>[T,D] = eig(A)

>>rank(ctrb(A,B))

• Non-linear systems: 𝑥̇𝑥 = 𝑓𝑓 𝑥𝑥
• Linearization: 𝐷𝐷𝐷𝐷

𝐷𝐷𝐷𝐷
|𝑥̅𝑥

• Control: 𝑥̇𝑥 = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵
• Controllability:

• ℂ = 𝐵𝐵 𝐴𝐴𝐴𝐴 𝐴𝐴2𝐵𝐵 … 𝐴𝐴𝑛𝑛−1𝐵𝐵
• 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝐴𝐴,𝐵𝐵 = 𝑛𝑛



Controllability Matrix and the Discrete Time Impulse Response
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• Why does ℂ predict controllability?!
• Discrete time impulse response: 𝑥𝑥 𝑘𝑘 + 1 = 𝐴̃𝐴𝑥𝑥 𝑘𝑘 + �𝐵𝐵𝑢𝑢 𝑘𝑘

• 𝑢𝑢 0 = 1
• 𝑢𝑢 1 = 0
• 𝑢𝑢 2 = 0
• 𝑢𝑢 3 = 0
• …
• 𝑢𝑢 𝑚𝑚 = 0

𝑥𝑥 0 = 0
𝑥𝑥 1 = �𝐵𝐵
𝑥𝑥 2 = 𝐴̃𝐴 �𝐵𝐵
𝑥𝑥 3 = 𝐴̃𝐴2 �𝐵𝐵
…
𝑥𝑥 𝑚𝑚 = 𝐴̃𝐴𝑚𝑚−1 �𝐵𝐵

If the system is controllable, 
then the impulse response 
affects every state in ℝ𝑛𝑛

𝑥̇𝑥 = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵, 𝑥𝑥 ∈ ℝ𝑛𝑛

ℂ = 𝐵𝐵 𝐴𝐴𝐴𝐴 𝐴𝐴2𝐵𝐵 … 𝐴𝐴𝑛𝑛−1𝐵𝐵
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Controllabillity and Reachability
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𝑥̇𝑥 = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵, 𝑥𝑥 ∈ ℝ𝑛𝑛

ℂ = 𝐵𝐵 𝐴𝐴𝐴𝐴 𝐴𝐴2𝐵𝐵 … 𝐴𝐴𝑛𝑛−1𝐵𝐵

1. The system is controllable
• iff 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 ℂ = 𝑛𝑛

2. You can choose 𝐾𝐾 to arbitrarily place the eigenvalues of your closed loop system
• 𝑥̇𝑥 = 𝐴𝐴 − 𝐵𝐵𝐵𝐵 𝑥𝑥

3. You can reach anywhere in ℝ𝑛𝑛 in a finite amount of time
• ℛ𝑡𝑡 = ℝ𝑛𝑛

Equivalences
• ℛ𝑡𝑡, states that are reachable at time t
• ℛ𝑡𝑡 = {𝜉𝜉𝜉𝜉ℝ𝑛𝑛 for which there is an input 
𝑢𝑢(𝑡𝑡) that makes x t = 𝜉𝜉

Reachability



1. The system is controllable
• iff 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 ℂ = 𝑛𝑛

2. You can choose 𝐾𝐾 to arbitrarily place the eigenvalues of your closed loop system
• 𝑥̇𝑥 = 𝐴𝐴 − 𝐵𝐵𝐵𝐵 𝑥𝑥

3. You can reach anywhere in ℝ𝑛𝑛 in a finite amount of time
• ℛ𝑡𝑡 = ℝ𝑛𝑛

• ℛ𝑡𝑡, states that are reachable at time t
• ℛ𝑡𝑡 = {𝜉𝜉𝜉𝜉ℝ𝑛𝑛 for which there is an input 
𝑢𝑢(𝑡𝑡) that makes x t = 𝜉𝜉

Reachability

Controllabillity and Reachability
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𝑥̇𝑥 = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵, 𝑥𝑥 ∈ ℝ𝑛𝑛

ℂ = 𝐵𝐵 𝐴𝐴𝐴𝐴 𝐴𝐴2𝐵𝐵 … 𝐴𝐴𝑛𝑛−1𝐵𝐵

Equivalences

*

*You cannot have more repeated 
eigenvalues than there are columns of B

ℝ3

𝜉𝜉
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• 𝑥𝑥 𝑡𝑡 = 𝑒𝑒𝐴𝐴𝐴𝐴𝑥𝑥 0

• Controllability Gramian

• 𝑊𝑊𝑡𝑡 = ∫0
𝑡𝑡 𝑒𝑒𝐴𝐴𝜏𝜏𝐵𝐵𝐵𝐵𝑇𝑇𝑒𝑒𝐴𝐴𝑇𝑇𝜏𝜏𝑑𝑑𝜏𝜏

• 𝑊𝑊𝑡𝑡𝜉𝜉 = 𝜆𝜆𝜆𝜆

• 𝑊𝑊𝑡𝑡 ≈ ℂℂ𝑇𝑇

Controllabillity Gramian
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𝑊𝑊𝑡𝑡𝜖𝜖ℝ𝑛𝑛𝑛𝑛𝑛𝑛

𝑥̇𝑥 = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵, 𝑥𝑥 ∈ ℝ𝑛𝑛

ℂ = 𝐵𝐵 𝐴𝐴𝐴𝐴 𝐴𝐴2𝐵𝐵 … 𝐴𝐴𝑛𝑛−1𝐵𝐵
>> rank(ctrb(A,b))
>> [U,S,V] = svd(ℂ, ‘econ’)

(T = * if the 
values of A and B 
were complex)

+�
0

𝑡𝑡
𝑒𝑒𝐴𝐴 𝑡𝑡−𝜏𝜏 𝐵𝐵𝐵𝐵 𝜏𝜏 𝑑𝑑𝜏𝜏

(convolution of 𝑒𝑒𝐴𝐴𝐴𝐴 with 𝑢𝑢 𝜏𝜏 )

The SVD of A takes the form: 𝐴𝐴 = 𝑈𝑈Σ𝑉𝑉𝑇𝑇
𝑈𝑈 = left singular vector
𝑉𝑉 = right singular vector
Σ = diagonal matrix with singular values



ℝ3

Controllabillity Gramian
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𝜆𝜆1𝜉𝜉1

𝜆𝜆2𝜉𝜉2

𝜆𝜆3𝜉𝜉3

• 𝑥𝑥 𝑡𝑡 = 𝑒𝑒𝐴𝐴𝐴𝐴𝑥𝑥 0

• Controllability Gramian

• 𝑊𝑊𝑡𝑡 = ∫0
𝑡𝑡 𝑒𝑒𝐴𝐴𝜏𝜏𝐵𝐵𝐵𝐵𝑇𝑇𝑒𝑒𝐴𝐴𝑇𝑇𝜏𝜏𝑑𝑑𝜏𝜏

• 𝑊𝑊𝑡𝑡𝜉𝜉 = 𝜆𝜆𝜆𝜆

• 𝑊𝑊𝑡𝑡 ≈ ℂℂ𝑇𝑇

𝑊𝑊𝑡𝑡𝜖𝜖ℝ𝑛𝑛𝑛𝑛𝑛𝑛

𝑥̇𝑥 = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵, 𝑥𝑥 ∈ ℝ𝑛𝑛

ℂ = 𝐵𝐵 𝐴𝐴𝐴𝐴 𝐴𝐴2𝐵𝐵 … 𝐴𝐴𝑛𝑛−1𝐵𝐵
>> rank(ctrb(A,b))
>> [U,S,V] = svd(ℂ, ‘econ’)

+�
0

𝑡𝑡
𝑒𝑒𝐴𝐴 𝑡𝑡−𝜏𝜏 𝐵𝐵𝐵𝐵 𝜏𝜏 𝑑𝑑𝜏𝜏

(convolution of 𝑒𝑒𝐴𝐴𝐴𝐴 with 𝑢𝑢 𝜏𝜏 )



Controllabillity Gramian

ECE4960 Fast Robots 14

By DLR, CC-BY 3.0, CC BY 3.0 de, 
https://commons.wikimedia.org/w/index.php?curid=61072555

𝑥̇𝑥 = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵, 𝑥𝑥 ∈ ℝ𝑛𝑛

ℂ = 𝐵𝐵 𝐴𝐴𝐴𝐴 𝐴𝐴2𝐵𝐵 … 𝐴𝐴𝑛𝑛−1𝐵𝐵
>> rank(ctrb(A,b))
>> [U,S,V] = svd(ℂ, ‘econ’)

• Controllability for very high 
dimensional systems?

• Many directions in ℝ𝑛𝑛 are 
extremely stable - you only need 
to control directions that impact 
your control objective

• Stabilizability



• 𝑥𝑥 𝑡𝑡 = 𝑒𝑒𝐴𝐴𝐴𝐴𝑥𝑥 0

• Controllability Gramian

• 𝑊𝑊𝑡𝑡 = ∫0
𝑡𝑡 𝑒𝑒𝐴𝐴𝜏𝜏𝐵𝐵𝐵𝐵𝑇𝑇𝑒𝑒𝐴𝐴𝑇𝑇𝜏𝜏𝑑𝑑𝜏𝜏

• 𝑊𝑊𝑡𝑡𝜉𝜉 = 𝜆𝜆𝜆𝜆

• 𝑊𝑊𝑡𝑡 ≈ ℂℂ𝑇𝑇

• Stabilizability
• A system is stabilizable iff all unstable eigenvectors of A

are in the controllable subspace

Controllabillity Gramian
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𝑊𝑊𝑡𝑡𝜖𝜖ℝ𝑛𝑛𝑛𝑛𝑛𝑛

𝜆𝜆1𝜉𝜉1

𝜆𝜆2𝜉𝜉2

𝜆𝜆3𝜉𝜉3

𝑥̇𝑥 = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵, 𝑥𝑥 ∈ ℝ𝑛𝑛

ℂ = 𝐵𝐵 𝐴𝐴𝐴𝐴 𝐴𝐴2𝐵𝐵 … 𝐴𝐴𝑛𝑛−1𝐵𝐵
>> rank(ctrb(A,b))
>> [U,S,V] = svd(ℂ, ‘econ’)

(convolution of 𝑒𝑒𝐴𝐴𝐴𝐴 with 𝑢𝑢 𝜏𝜏 )

+�
0

𝑡𝑡
𝑒𝑒𝐴𝐴 𝑡𝑡−𝜏𝜏 𝐵𝐵𝐵𝐵 𝜏𝜏 𝑑𝑑𝜏𝜏
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PBH test
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• Popov-Belevitch-Hautus (PBH) test

• (A,B) is ctrb iff

• 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 (𝐴𝐴 − 𝜆𝜆𝜆𝜆) 𝐵𝐵 = 𝑛𝑛 ⋁ 𝜆𝜆𝜆𝜆𝜆
• The (A,B) pair is controllable if and only if the rank of the concatenated 

matrix is n for all of the eigenvalues belonging to the complex plane!

1. 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 (𝐴𝐴 − 𝜆𝜆𝜆𝜆) = 𝑛𝑛, except for at eigenvalues 𝜆𝜆

2. B needs to have some component in each eigenvector direction
3. If B is a random vector (B=randn(n,1)), then (A,B) will be controllable with 

high probability.

𝑥̇𝑥 = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵, 𝑥𝑥 ∈ ℝ𝑛𝑛

ℂ = 𝐵𝐵 𝐴𝐴𝐴𝐴 𝐴𝐴2𝐵𝐵 … 𝐴𝐴𝑛𝑛−1𝐵𝐵
>> rank(ctrb(A,b))

𝐴𝐴𝜉𝜉 = 𝜆𝜆𝜆𝜆

(if A has m repeated eigenvalues, 
we need m actuation inputs)
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Inverted Pendulum on a Cart
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𝜃𝜃 = 0,𝜋𝜋
𝜃̇𝜃 = 0
𝑥̇𝑥 = 0
𝑥𝑥 free variable

Inverted Pendulum on a Cart

ECE4960 Fast Robots 19

𝜃𝜃

𝑥𝑥

𝑔𝑔

𝑀𝑀

𝑚𝑚

𝐿𝐿
Force acting on the 
cart in the x direction

𝑢𝑢

𝑥𝑥 =

𝑥𝑥
𝑥̇𝑥
𝜃𝜃
𝜃̇𝜃

State space 
model Fixed points, 𝑥̅𝑥

down

up

Jacobian (A,B) Controllable?

Add linear control
𝑥̇𝑥 = (𝐴𝐴 − 𝐵𝐵𝐵𝐵)𝑥𝑥

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

|𝑥̅𝑥

𝑥̇𝑥 = 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵 system

K

u x

Eq. of motion

𝑑𝑑
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